A new approach for determination of refractive index dispersion (λ) (the real part of the complex refractive index) and thickness of thin films of negligible absorption and weak dispersion is proposed. The calculation procedure is based on determination of the phase thickness of the film in the spectral region of measured transmittance data. All points of measured spectra are included in the calculations. Barium titanate thin films are investigated in the spectral region 0.38 -0.78 µm and their (λ) and are calculated. The approach is validated using Swanepoel's method and it is found to be applicable for relatively thin films when measured transmittance spectra have one minimum and one maximum only. 
Introduction
For many optical applications the physical thickness of a thin film, its refractive index (the real part of the complex refractive index, often called only "refractive index" for short) and optical dispersion = (λ) are very important. In some thin film technologies it is difficult to determine film optical parameters in situ, during the deposition process. It is not easy to determine these film characteristics after film deposition too. The reason for this situation is in the fact that even for bulk materials direct measurements of the refractive index are quite complex. However they are strongly dependent on the refractive index and the thickness of the film and the sub- Table 1 . Estimation of the phase thicknesses δ using transmittance minima for the spectra in Fig. 2 . Due to interference of light, an oscillating structure with maxima and minima is typical for thin films optical transmittance/reflectance spectra. Optical parameters of thin films can be extracted from optical spectra using several conventional methods [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Most precise information for a thin film may be obtained from transmittance spectra measurements at normal incidence of light [9] , because these measurements do not depend on the properties of etalon mirrors and angle of incidence of light (as in case of reflectance measurements). When the refractive index of the film is higher than the index of the substrate ( > S ) the film transmittance is lower than the uncoated substrate transmittance [16] . In envelope methods [1] [2] [3] [4] [5] [6] [7] [8] [9] spectral extrema and their positions are applied for determination of (λ) and These methods are applicable for films of thickness in a limited range, for example > 0.2 µm for most oxide films [2] . For thinner films the number of extrema becomes insufficient and it is very difficult to locate them [2] . Application of relatively simple equations is an advantage of the envelope methods. These methods do not require specific software for determination of thin film refractive index dispersion. However, the envelope methods use only extrema points in transmittance/reflectance spectra, i.e. only a small part of measured spectra is taken into account. For example, thin films of thickness about 0.5 µm and negligible absorption in the visible spectral region usually have transmittance spectra with number of extrema high enough for accurate determination of the refractive index dispersion. Thin films of thickness in the range 0.2 -0.4 µm may have spectra with low number of extrema points (3 -5) which may increase the degree of uncertainty of the final results. Another disadvantage of the envelope methods is the usage of interpolated points (not really measured) between two successive measured maxima or minima [1, 2] . Curve fitting methods apply numerical optimisation to fit a theoretical model to measured data in order to find dispersion (λ) and thickness [9] [10] [11] [12] [13] [14] [15] . These methods need specific and flexible software environment for the calculations because of the variety of dispersion equations in literature [9] . Curve fitting methods include all measured points of transmittance spectra, but these methods require specific software and very careful selection of the initial data [9] [10] [11] [12] [13] [14] [15] . Thin film phase thickness δ is connected with the optical thickness nd by the relationship δ = 2π λ (for normal incidence of light). The film phase thickness represents the phase change of a light wave when it crosses the film. The purpose of this article is to present a new approach for determination of refractive index dispersion (λ) and thickness of thin films of negligible absorption and weak dispersion. The main idea is to combine the advantages of both upper mentioned groups of methods -application of relatively simple mathematical support (advantage of envelope methods) and processing of all points of measured transmittance spectra (advantage of curve fitting methods). Fig. 2 ; solid linesapproximation of the extrema points with the quadratic equations (13) and (14) given on the charts; dashed lines -approximation of the extrema points with linear equations between and . For thin films of negligible absorption with several maxima and minima in their transmittance spectra, it is possible to calculate refractive index [2] and afterwards the phase thickness in all extrema points. After interpolation of the phase thickness at all measured wavelengths, calculations of the film thickness and refractive index dispersion become possible. The presented procedure is important for experimental investigations of thin films with negligible absorption in the spectral region of interest.
Thin film transmittance
The optical transmittance of the film -substrate system is shown in the upper half of Fig. 1 . This system is supposed to be of negligible absorption and it is surrounded by air with refractive index A = 1. Transmittance coefficient T of this system depends on coherent transmittance through air-film-substrate boundaries T F and trans- mittance through a substrate-air boundary T S1 . In a similar way transmittance of uncoated substrate T S (lower half of Fig. 1 ) can be analysed. Transmittance of uncoated substrate T S depends on incoherent transmittance through both substrate-air boundaries denoted as T S1 . According to MacLeod [16] transmittance T of thin filmsubstrate system and transmittance T S of uncoated substrate can be written using the following expressions:
If the second equation is subtracted from first, then it can be seen that:
T and T S can be measured directly, while analytical expressions for T F and T S1 can be derived from appropriate theoretical models. For a given wavelength λ, T F is a function of refractive index of the substrate S and the film refractive index and its thickness T S1 can be expressed only by means of S (if negligible substrate absorption is supposed It is known, that characteristic matrices approach is convenient to find an expression for T F [16] . Fresnel's equations are suitable to find an equation for transmittance through single boundary air-substrate T S1 [16] . Some theoretical transformations (given in details in Appendix 1) lead to the following expression:
where
is the phase thickness of the film. It can be seen that in (3) the value of V depends on the substrate refractive index only. In a case of a film-substrate system with no refractive index dispersion ( (λ) = const, S (λ) = const) in (2) 1
T − 1
T S depends on the substrate and film transmittance and can be obtained from directly measured data. It is a periodic function of δ (or 1/λ) with constant amplitude and extrema points positions defined from the following conditions: (2) . In this case the phase thickness δ is equal to π multiplied by an integer number. These minimal values of 1
T S correspond to transmittance maxima T MAX which are equal to substrate transmittance T S . For these values of the phase thickness the optical thickness nd is an integer number of λ/2: = For these values of the phase thickness δ the optical thickness nd is a semi-integer number of λ/2:
Here L is an integer number.
The integer and semi-integer numbers corresponding to transmittance maxima or minima are also known as interference orders [16] .
Description of the approach
Let us analyse eq. (2) from the point of view of determination of the film refractive index dispersion (λ). As it was mentioned above, T and T S are measured values usually at discrete wavelengths λ in a spectral region of the substrate transparency. At each measurement wavelength λ the substrate index S can be found from the substrate transmittance T S using the following equation [2] :
The term V = S + 1 S = 2 T S can be easily calculated. To find the film refractive index for a given wavelength (a) (b) Figure 8 . Plots of the product δ.λ versus 1/λ 2 (equation (10)) for the spectra given in Fig. 7 ; a) sample 2; b) sample 3.
λ , corresponding numerical value of the term U is necessary. It can be found from the equation:
but only in the case if the phase thickness of the film δ for the same wavelength λ is known. Note, that if sin 2 δ → 0 (for δ = mπ), small uncertainty of δ will cause high uncertainty in the term U.
Let us discuss the opportunities to determine the values of δ and refractive index in a given spectral region. I. The first step in our approach is to find the values of interference orders m corresponding to all extrema points of the function 1 T − 1 T S . As the phase thickness δ = 2π 1 λ increases when 1/λ increases, the numbers also become higher. At least one interference order should be found for determination of all values of . The numbers corresponding to two successive transmittance minima can be determined in the following way. If these extrema are located at wavelengths λ 1 and λ
, then the optical thickness of the film is related with these wavelengths as follows:
where 1 and 2 are refractive index values at wavelengths λ 1 and λ 2 . For these extrema sin 2 δ = 1 and the following relations can be written:
As S and V can be calculated from T S (see equation (4)), equation (7) allows determination of 1 and 2 . Afterwards equations (6) can be used for determination of L: Determination of all interference orders allows calculation of phase thicknesses δ EX T at all extrema wavelengths λ EX T (here and below the subscript EXT denotes extrema).
II. The second step is to find an appropriate expression for the phase thickness δ as a function of 1 λ 2 or 1 λ taking into account refractive index dispersion of the film. In many practical situations Cauchy expression of the following type
is used to describe refractive index dispersion. The last equation for (λ) leads to the following equation for δ:
where A = 2πad and B = 2πbd ( is the film thickness). Equation (9) shows that if A and B are known, then it will be easy to calculate the phase thickness δ at all measurement wavelengths, not only at extrema positions. To propose one possible way for determination of A and B let us transform the last equation into
This equation shows that in the case of Cauchy dispersion equation (8) It should be noted that the product (δ.λ) has the same wavelength dependence like (δ.λ ∼ (λ), see equation (9)) and it is convenient function to estimate the refractive index dispersion at this stage of data processing.
As alternatives for two-parameter Cauchy type dispersion (8) three-or more-parameter dispersion equations of power series type (functions of 1 λ 2 or 1 λ ) are used [10, 13] :
Three-term quadratic equations of type (11) are often applied, but it is interesting to compare the results after application of both (11) and (12) 
These three unknown constants (A, B, C or A 1 , B 1 , C 1 ) cannot be estimated graphically in a way described above. Statistical methods should be applied and at least three extrema points in the measured transmittance spectrum are necessary to find three pairs of the product (δ EX T .λ EX T ) versus 1 
where N 1 is the number of all points taken into account in calculation of the film thickness. In this case it is necessary to propose some criteria for exclusion of obtained from measured values of T(λ) near its maxima. In our case appropriate criterion is not easy to find. 
Experimental details
Amorphous barium titanate films are often used as insulating layers in thin film electroluminescent devices and flat panel displays in the visible spectral region [17] . High dielectric constant, low dielectric and optical losses are among the most important requirements for such insulating layers [17, 18] . Radio frequency (RF) sputtering deposition is a common method to deposit insulating barium titanate thin films with appropriate optical properties [18? , 19] . In our study we use barium titanate only as a convenient thin film material to illustrate the proposed phase thickness approach for determination of the refractive index and thickness of films of negligible absorption and ≈ 2 (typical value for a number of thin film oxide materials in the visible spectral region) [20] . Barium titanate films were deposited by RF magnetron sputtering of a 76 mm diameter water-cooled BaTiO 3 ceramic disk at sputtering pressure about 1 Pa. Depositions were carried out using high frequency power 350 W and a target-substrate distance 8 cm. The films were deposited in sputtering atmosphere 100% Ar. During the deposition the substrate temperature was kept ≈ 10 C by means of water circulation. The physical thickness of all films was in the range 0.1 -0.6 µm. The investigation of the structure of the films of all series by electron and X-ray diffraction showed that the films were mainly amorphous [12] . The optical transmittance of coated and uncoated substrates were measured in the wavelength region λ = 0.33 -0.78 µm with a step 0.005 µm using spectrophotometer "VSU -2P" (Carl Zeiss, Jena) after film deposition. Accuracy in measurements was ≈ 0.2%. Typical measured transmittance spectrum of uncoated glass substrate T S (λ) and interference spectrum of a substrate with barium titanate thin film T (λ) are shown in Fig. 2 . These spectra are used for determination of refractive index dispersion (λ) and film thickness
The spectra given in Fig. 2 allow us to make some important assumptions for the substrates and films. Transmittance of the substrates T S (λ) is relatively constant (≈ 92%) in the range 0.38 -0.78 µm and in this range the substrate absorption may be neglected [2] . Transmittance maxima in the film spectra T (λ) are very close to the substrate transmittance, which means very low values of extinction coefficient and negligible absorption [2] . The depth of the minima weakly depends on the wavelength, which means weak dispersion of the refractive index [2] .
Results and discussion
Several thin film transmittance spectra are studied and the most important details of the approach proposed above are described for the spectra given in Fig. 2 . Corresponding thin film is denoted further as sample 1.
Step 1. Determination of interference orders.
Transmittance minima at λ = 0.420, 0.503 and 0.635 µm are used in the first step for determination of phase thicknesses at these points. The results from these calculations are presented in Table 1 . The values of are rounded to the nearest semi-integer number.
Step 2. Determination of phase thickness δ as a function of wavelength.
When the thin film phase thicknesses corresponding to the transmittance minima are known, it is possible to find the phase thickness δ EX T at all extrema points λ EX T and to proceed to determination of the phase thickness δ at all points of measurements as a function of 1 λ 2 or 1 λ . As it was mentioned above, several alternatives based on equations (10), (13) or (14) λ EX T are also graphically illustrated in Fig. 3 . Fig. 3 shows that the linear approximations of the product δ.λ as functions of both 1/λ and 1/λ 2 are too rough. The quadratic approximations on both charts describe much better the measured points. The numerical values of the coefficients on the plots are results of application of LINEST and INDEX functions in Microsoft Excel environment. Calculation of δ as a function of λ may be performed using one of the equations following from (13) and (14) In equations (18) and (19) λ is in µm. The results from both equations for δ as functions of wavelength λ are compared in Table 3 . The maximal difference can be seen at λ = 0.38 µm and it is 0.04 in absolute value, which means 0.2% relative difference between equations (18) and (19) . These small differences and Fig. 3 allow to conclude that both equations (18) and (19) gave almost the same results for the phase thickness δ. Equation (18) is applied in the next steps.
Step 3. Determination of the initial values of refractive index n.
Afterwards, calculation of corresponding values of U and refractive index as functions of wavelength λ is possible using equations (5) and (7):
and 4 − S U 2 + 2 S = 0. Analysis of the initial values of shows that special care should be taken for the points near transmittance maxima, where sin 2 δ → 0. Note again that near transmittance maxima where sin 2 δ → 0 (for δ = mπ), there is high level of uncertainty in the term U and therefore in the values of due to division by very small numbers. This is illustrated in Fig. 4 where the initial values of are shown as a function of λ.
Step 4. Determination of thin film thickness d.
The film thickness can be calculated at each wavelength λ using corresponding values of the phase thickness δ and the initial values of refractive index according to the following equation:
As it was mentioned above, during the calculation of the final film thickness there are two possible ways to minimise uncertainties near the points where sin 2 δ → 0. The first one is to exclude the points where the refractive index values are unacceptable and afterwards to determine the arithmetic mean of all , eq. (15). As it was mentioned above, some criteria are necessary to exclude such points and we have no any one, all points of the spectra are used. Without any exclusion, the calculated film thickness is A = 0.516 µm. The second way for reduction of uncertainties near the points where sin 2 δ → 0 is to weight the values of with values of sin 2 δ during the calculation of the averaged value, eq. (16). For the spectra presented above the film thickness according to this equation is W = 0.556 µm. It can be seen that W is ≈10% higher than A .
Step 5. Determination of the final values of refractive index n.
When the final film thickness is known the final values of the refractive index (λ ) can be determined at each wavelength λ from the phase thickness δ using equation (18) . Fig. 5 
Application of the phase thickness approach to thinner films
To investigate the capabilities of the approach presented above, thinner films are also investigated, samples 2 and 3. Their transmittance spectra are shown on Fig. 7 . It is well known that when the film thickness decreases, the number of extrema in corresponding transmittance spectra also decreases [2] . This leads to difficulties in construction of envelopes. Four extrema can be located for sample 2 on Fig. 7a -two maxima at 0.385 µm and 0.555 µm; and two minima at 0.455 µm and 0.747 µm. Application of Swanepoel,s method is possible for this sample, because substrate transmittance can be used as maxima envelope and linear interpolation can be applied for construction of minima envelope. The spectrum T MEAS in Fig. 7b corresponds to thinner barium titanate film. Two extrema in the spectral region of substrate transparency (λ > 0.38 µm) can be seen -maximum at λ = 0.570 µm and minimum at λ = 0.385 µm. This minimum is the only one in the whole measured spectrum and it is not possible to construct the minima envelope (and to use Swanepoel's method). On the other hand both extrema could be used for determination of phase thickness and refractive index dispersion. Fig. 8 shows plots of the product δλ versus 1/λ 2 for the spectra given in Fig. 7 . The extrema points were interpolated with straight lines for determination of the phase thickness dispersion. As the number of extrema for these samples is smaller (in comparison with sample 1) linear interpolation between extrema points was used and Cauchy expression (8) was applied to describe refractive index dispersion. From the approximation of the transmittance extrema points in Fig. 8a and 8b (shown with black dots) with linear functions (the solid lines) the following equations for the phase thickness δ were derived
for sample 2 (with spectrum presented in Fig. 7a ) and
for sample 3 (with spectrum shown in Fig. 7b ). In (20) and (21) λ is in µm.
In the next step the initial values of the refractive index are calculated using equations (5) and (7). Afterwards the film thicknesses are calculated using weighted average value W (according to equation (16) After the last step, the refractive index dispersion and the film thickness are already known and the calculation of thin film transmittance spectrum becomes possible:
where T F can be calculated using equation (22) and T S1 -using equation (23).
The comparison between measured and calculated spectra is used as a criterion to verify the phase thickness approach for determination of thin film refractive index dispersion and thickness. The comparison between measured and calculated spectra is presented in Fig. 9a and 9b. Very good agreement between measurements and calculations can be seen for both samples. Table 4 presents comparison between refractive index values calculated using Swanepoel's method *(λ) [2] and according to the presented approach -**(λ) (calculated from the phase thickness using W ) for sample 2. In the table λ EX T are the extrema wavelengths; T S denote uncoated substrate transmittance; T MAX and T MIN correspond to transmittance maxima and minima envelopes and values of are interference orders. It can be seen from the last two columns of the table that the maximal difference between * and ** is not higher than 1.5%, which is in the limits of the accuracy of the Swanepoel's method. Film thickness according to the Swanepoel's method is 0.286 µm and it is quite close to the value of 0.290 µm obtained using phase thickness approach. The agreement between * and ** and the agreement between measured and calculated transmittance for sample 2 is a base to verify the results and to validate the presented phase thickness approach for determination of refractive index dispersion and thickness of nonabsorbing thin films. Agreement between measurements and calculations for sample 3 is a base to conclude that the phase thickness approach is applicable for determination of thin film optical parameters ( (λ) and ) in cases when measured transmittance spectra have one minimum and one maximum only. In the concluding remarks, it should also be noted that even if the thin film optical absorption can not be fully neglected, the phase thickness approach still can be used as initial refractive index estimation for further calculations in order to find the complex refractive index of investigated thin films.
Conclusions
A new approach for determination of refractive index dispersion (λ) and thickness of thin films of negligible absorption and weak dispersion is proposed. The calculation procedure is based on application of relatively simple mathematical support. All points of measured transmittance spectra are included in data processing. The approach is demonstrated with determination of refractive index dispersion (λ) and thickness of barium titanate thin films in the spectral region 0.38 -0.80 µm. The final results from the calculations are found after 5 main steps:
1. Determination of interference orders corresponding to the extrema positions in the measured transmittance spectrum.
2. Determination of the thin film phase thickness δ at each measured wavelength using quadratic functions of 1/λ and 1/λ 2 . It is found that both functions gave almost the same results for δ. The agreement between refractive index values calculated using Swanepoel's method and using presented method as and between measured and calculated transmittance is good base to validate the presented phase thickness approach for determination of refractive index dispersion and thickness of nonabsorbing thin films. The phase thickness approach proposed above is also applied for determination of refractive index dispersion and thickness of a film which has transmittance spectrum with number of extrema not enough for application of Swanepoel's method. Very good agreement between measured and calculated transmittance is observed. It is concluded that the phase thickness approach is applicable for determination of thin film optical parameters ( (λ) and ) in cases when measured transmittance spectra have one minimum and one maximum only. Grouping free terms in the denominator and these with cos2δ leads to: 
